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Abstract. Two-particle scattering probabilities in tunneling scenarios with exchange
interaction are analyzed with quasi-particle wave packets. Two initial one-particle wave
packets (with opposite central momentums) are spatially localized at each side of a barrier.
After impinging upon a tunneling barrier, each wave packet splits into transmitted and
reflected components. When the initial two-particle anti-symmetrical state is defined as a
Slater determinant any type of (normalizable) one-particle wave packet, it is shown that
the probability of detecting two (identically injected) electrons at the same side of the
barrier is different from zero in very common (single or double barrier) scenarios. In some
particular scenarios, the transmitted and reflected components become orthogonal and
the mentioned probabilities reproduce those values associated to distinguishable particles.
These unexpected non-zero probabilities are still present when non-separable Coulomb
interaction or non-symmetrical potentials are considered. On the other hand, for initial
wave packets close to Hamiltonian eigenstates, the usual zero two-particle probability
for electrons at the same side of the barrier found in the literature is recovered. The
generalization to many-particle scattering probabilities with quasi-particle wave packets for
low and high phase-space density are also analyzed. The far-reaching consequences of these
non-zero probabilities in the accurate evaluation of quantum noise in mesoscopic systems
are briefly indicated.
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1. Introduction
The ultimate reason why the quantum theory gives rise to a host of puzzling and fascinat-
ing phenomena is because many-particle quantum systems are defined in a high-dimensional
and abstract configuration space. For example, in a system of identical particles, only those
wave functions whose probability density in the configuration space remains unchanged un-
der permutations of particles are acceptable. When this happens, it is said that the system
has exchange interaction. One consequence of the exchange interaction is the Pauli repul-
sion, that forces electrons to avoid common positions.
A typical scenario for discussing exchange and tunneling is shown in the scheme of figure 1.
Two electrons with the same energy and opposite momentum are injected simultaneously
from two different sources. During the interaction with a tunneling barrier, the initial one-
particle state in the physical space splits into a transmitted and a reflected part. At the
final time, transmitted and reflected components coincide in the same spatial region and
the Pauli repulsion becomes relevant. Within the (Landau) Fermi liquid theory [1, 2, 3],
the type of scattering experiments depicted in figure 1 are analyzed by assuming that the
(quasi-particle) electrons are described by a one-particle mono-energetic scattering state
[4, 5]. The creation and annihilation operators in the second quantization formalism provide
a very elegant and powerful formalism to construct the Slater determinant combination. The
(anti-symmetrical) initial many-electron state with one electron at each side of the barrier
is defined by |Ψ〉 = aˆ†Laˆ†R|0〉. The scattering theory for mono-energetic states predicts that
the probability of finding one electron on the left and one electron on the right of the barrier
is:
PSLR = |〈0|bˆLbˆRaˆ†Laˆ†R|0〉|2 = 1, (1)
where the upperindex S indicates scattering formalism. Equivalently, the probability of
finding both electrons on the left is:
PSLL = |〈0|bˆLbˆLaˆ†Laˆ†R|0〉|2 = 0 (2)
and both electrons on the right is:
PSRR = |〈0|bˆRbˆRaˆ†Laˆ†R|0〉|2 = 0. (3)
The explicit computation of these probabilities is done in Appendix A. The scenario shown
in figure 1 can also be interpreted as a type of two-particle interference Hong-Ou-Mandel
(HOM) experiment analyzed some time ago for photons [6]. The same scattering formalism
(with the proper commutations properties for the creation and annihilation operators) has
been also used to successfully analyze this type of HOM experiments for electrons [4, 5, 7, 8].
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In order to properly explain the motivation and originality of the present work, we differ-
entiate three basic steps in the computation of (two or many-particle) scattering processes.
The first step is the definition of the initial state. The second is the computation of its
time-evolution. The third step is providing observable results. Each one of these steps has
its own conceptual and practical difficulties. In this work, we will not discuss the difficulties
related to the last step, i.e. the measurement of the electrons after being scattered. We
will assume a simple position measurement of electrons at the final time. The difficulties in
the second step are mainly due to the many-body problem. From a computational point of
view, the solution of the wave function associated to a large amount of interacting identical
electrons in the high-dimensional configuration space is totally inaccessible. Approxima-
tions are mandatory. One example is the computations of the evolution of the many-body
wave function through the so-called time-dependent variational principle. This approach
have been widely applied in the literature for fermionic molecular dynamics [9, 10, 11, 12].
Another example is the full configuration interaction procedure that is able to solve the
many-body time evolution by an (infinite) linear combination of Slater determinants made
up from one-particle basis states. A much simpler approximation is based on the concept
of quasi-particles. It has been shown that a unique Slater determinant of one-particle wave
functions is still able to capture most of the physics of quantum many-body problems [13].
The concept of one-particle wave function that still captures many-body correlations has
been deduced by Oriols et al. [14] through the use of the conditional wave function. Strictly
speaking, such quasi-particle states are no longer interpreted as a mathematical base of the
system, but as a close representation of the physical wave function.
We discuss now the first step, i.e. the definition of the initial state. Let us notice that
in many experiments the difficulties of the first step simply disappear because the system
departs from equilibrium (i.e. the initial state is the minimum energy ground state). In
other types of experiments, some controlled preparation of the initial state is possible. For
example, by measuring the system at the initial time, the wave function collapses into an
eigenstate of the measured eigenvalue. Unfortunately, the definition of the initial state is
not so obvious in most scattering experiments. For example, in mesoscopic physics, the
battery imposes far from equilibrium conditions and there is no controlled preparation of
the initial state. In principle, one can expect some type of localization of the initial state
because of the decoherence effects in the leads. On the other hand, it seems reasonable
to expect that the initial quasi-particle wave packet has either positive or negative mo-
mentum (to be able to travel from the battery till the device active region). Clearly, the
initial state has to be defined somewhere between two limits. The first limit is assuming
that the (quasi-)electrons are described by point-like states in real space (very narrow wave
packets). This limit seems quite unphysical. The other limit is describing (quasi-)electrons
by point-like states in the momentum space (infinitely space extended wave packets). This
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second limit has been demonstrated to be very successful in the literature. The celebrated
scattering probabilities presented above in equations (1), (2) and (3) fit within this second
limit. However, due to the uncertainty principle, a perfectly defined momentum implies an
infinitely extended wave function in real space. Therefore, it seems reasonable to expect
that the initial state is some type of intermediate state between a point-like state in real
space and point-like state in momentum space (probably, quite close to the typical point-like
states in momentum state, but not exactly identical to them). In the context of scattering
in mesoscopic physics, similar ideas have been discussed previously by Landauer and Martin
[15]. Finally, let us notice that in many scenarios associating initial states to mathematical
basis can be misleading. For example, in the context of Rutherford scattering, Van Boxen
et al. noticed that “One must take care in calculating observables using only these basis
states, because they can present misleading results when comparing to experiment.”[16]
With this motivation, our work analyzes the mentioned two-particle scattering experiment
using general localized time-dependent wave packets as initial one-particle states. We com-
pute the probability of detecting two electrons at the same side of the barrier from the
anti-symmetric (Slater determinant) solution of the time-dependent Schro¨dinger equation
in the configuration space ‡. We anticipate that in many scenarios (double and single bar-
rier) the probability of finding two identically injected electrons at the same side of the
barrier differs from zero (contrarily to what is found in expressions (1), (2) and (3) for time-
independent scattering eigenstates). Our results are in qualitative agreement with the recent
experiment of Bocquillon et al. [17], where unexpected non-zero probabilities of detecting
both electrons at the same side of the barriers were obtained. They used single-electron
sources in order to ensure that two spatially localized wave packets with disjoint support
were prepared at the initial time. In addition, non-zero probabilities were also found when
beams of electrons were used by Liu et al. in a similar experiment [18], Our work suggests
that these non-zero probabilities are not due to experimental spurious effects § ‖., but due
to the fundamental wave packet nature of the electrons present in such experiments. Let
us mention that the concept of quasi-particle wave packets was used by Kohn et al. [19]
some years ago when analyzing the effect of the physical borders on localized (not infinite)
systems. For the same reason, it is interesting to notice the work of Loudon [20] who studied
the role of the exchange interaction on the scattering probabilities from a Slater-determinant
of quasi-particle wave packets.
‡ The only assumption is that this type of two-electron interference experiments can be perfectly understood
from non-relativistic quantum mechanics, as most of the electron problems in chemistry and solid-state
physics.
§ “The noise is not completely suppressed, in part because of non-idealities in the beam splitters scattering
matrix.”[18].
‖ “The states are not perfectly identical as shown by the fact that the dip does not go to zero.”[17].
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Finally, let us clarify that in time-independent computations of scattering processes, as
the ones in expressions (1), (2) and (3), the difficulties of step two to determine the time
evolution disappear (or equivalently the difficulties about the initial state and its evolution
are packed simultaneously). There are, however, several argumentations in the literature in
favor of time-dependent formalisms with wave packets to properly treat quantum transport.
Vignale and Di Ventra argue that the Landauer-Bu¨ttiker approach is unable to capture all
many-body correlations [21]. The works of Kurth et al. [22] and Niehaus and co-workers [23]
(among many others [24, 25, 26, 27]) show how the static density functional theory (DFT)
needs to be generalized to the time-dependent DFT to properly account for non-equilibrium
quantum transport. Varga showed that the nonequilibirum Green’s functions approach
coupled to static DFT is not in agreement with experiments, while the time-propagation
of time-dependent DFT wave packets provides better results [28]. Konoˆpka and Bokes
developed a mixed basis set using stroboscopic wave packets and localized atomic orbitals
to deal with interacting fermions [29]. Many techniques for quantum transport with wave
packets have been developed by Kramer et al. [30]. Finally, the work of Godby and co-
workers show how the (Kohn-Sham) exchange-correlation potential of the time-dependent
DFT can be deduced from physical quasi-particle wave packets [31].
After this introduction, in section 2 we define the general expressions for the probabilities of
detecting two electrons. In section 3, we generalize the previous two-electron probabilities
towards many-particle probabilities. In section 4, numerical test for typical tunneling
scenarios with symmetric or non-symmetric potentials are presented. Among others, to go
beyond the Fermi liquid picture of (non-interacting) electrons, we include a subsection where
Coulomb interaction among the electrons in a two-particle system is included. Additionally,
a single barrier potential, which is a physical system closer to the HOM experiments
mentioned above, is also analyzed numerically. In all the five scenarios discussed in section 4
we obtain clear non-zero probabilities of detecting two electrons at the same side of the
barrier. Conclusions are summarized in section 5. In Appendix A we develop the two-
particle probabilities from the scattering formalism with mono-energetic initial states. In
Appendix B we deduce explicitly the two-particle probabilities for wave packet of arbitrary
shapes. Finally, in Appendix C, we explicitly deduce the generalization of the previous
two-particle probabilities to many-particle probabilities for tunneling scenarios with a large
number of correlated electrons described by arbitrary wave packets.
2. Two-particle probabilities
We consider two particles injected from two different sources and impinging upon a tunneling
barrier as indicated in figure 1. In order to simplify the discussion, we consider electrons
with identical spin orientations. Each one is individually defined in a 1D physical space. The
two-particle quantum system can be defined by the (orbital) wave function Φ ≡ Φ(x1, x2, t)
in the 2D configuration space. Such wave function is the solution of the many-particle
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Figure 1. Two identically injected wave packets from the left xa and from the right xb of
a scattering barrier. Solid regions represent the barrier region and shaded regions represent
the particle detectors. (a) and (b) each particle is detected on a different side of the barrier
at final time t1 when the interaction with the barrier has almost finished. (c) and (d) both
particles are detected on the same side of the barrier.
(non-relativistic) Schro¨dinger equation:
i~
∂Φ
∂t
=
[
− ~
2
2m
∂2
∂x21
− ~
2
2m
∂2
∂x22
+ V (x1, x2)
]
Φ, (4)
where m is the electron mass and V (x1, x2) takes into account the two-particle Coulomb
interaction between the electrons and also the one-particle interaction between one electron
and a tunneling barrier. The exchange interaction is introduced in the shape of the initial
wave function Φ(x1, x2, t0). The anti-symmetrical/symmetrical (orbital) many-particle wave
function for Fermions/Bosons is:
Φ(x1, x2, t0) =
φa(x1, t0)φb(x2, t0)∓ φa(x2, t0)φb(x1, t0)√
2
. (5)
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The above expression can be interpreted as the determinant/permanent of a 2 × 2 matrix
constructed from the one-particle wave function φa(x, t0) and φb(x, t0) [33]. Hereafter, up-
per/lower signs correspond to (non-relativistic) massive Fermions/Bosons. Although we
mainly deal with electrons (fermions), we will also compute probabilities for (massive)
Bosons. The initial one-particle wave functions φa(x, t0) and φb(x, t0) in expression (5)
are completely general. The only relevant condition for φa(x, t0) is that its modulus square
is normalizable to unity and it is totally located at the left of the barrier at time t = t0.
Identical conditions for φb(x, t0) which is localized at the right. Additionally, according to
the type of HOM experiment discussed here, both wave packets have opposite (central)
momentum so that they impinge upon the barrier after a while, as depicted in figure 1. By
construction, the time evolution of Φ(x1, x2, t) using equation (4) preserves the initial norm
and the initial (anti)symmetry of the wave function.
Let us notice why it is reasonable to expect non-zero probability for finding both electrons at
the same side of the barrier. The reason is quite simple and intuitive. Pauli principle forbids
two fermions being at the same position with the same state [34]. However, a pertinent
question appears: When is reasonable the assumption that the reflected and transmitted
states are exactly identical? Certainly, both transmitted and reflected states are identical
when only one state is available in the spatial region where they coincide. This restriction
on the available states is evident when the initial state has a unique (well-defined) energy Ek
i.e. a mono-energetic state. Then, because of the elastic nature of the interaction with the
barrier (i.e. energy conservation), only one state at the right of the barrier and one at the
left with the same energy Ek (and the pertinent momentum going outside from the barrier)
are available at the final time. Nevertheless, as stated previously, we require a superposition
of mono-energetic eigenstates (i.e. a wave packet) to describe an initial state with a spatially
localized support outside of the barrier region. Then, in principle, there is the possibility
of different time-evolutions for the transmitted and reflected components. In such time-
dependent scenarios, one can expect probabilities different from zero (as mentioned before)
as indicated in figures 1(c) and 1(d). Notice the different shapes of the reflected and
transmitted wave packet in figure 1.
We consider a particular time t1 large enough so that the interaction with the barrier is
almost finished, i.e. the probability presence inside the barrier region is negligible. Then,
using Born’s rule [33] ¶ in the 2D configuration space, {x1, x2}, the probability of detecting
one electron at each side of the barrier (on regions SLR or SRL of the configuration space
¶ The detection of the two electrons is a measurement of the wave function that implies a non-unitary
evolution (not accessible from the unitary Schro¨dinger evolution). As usual, it is assumed that particle
detectors provide a collapse of wave function only in those positions {x1, x2} of the configuration space
where the measurement is present. Notice that only reflected or transmitted components are plotted for
each wave packet in figure 1.
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depicted in figure 2(a)) at this t = t1 is:
PLR =
∫
SLR
|Φ|2dx1dx2 +
∫
SRL
|Φ|2dx1dx2 = 2
∫
SLR
|Φ|2dx1dx2. (6)
Due to the exchange symmetry, the wave function on SLR is identical to that on SRL, as
seen in figure 2(a). The two integral in the left hand side of equation (6) are exactly equal,
so the total contribution of finding one electron at each side of the barrier is twice one of
the integrals. Equivalently, the probability of detecting the two electrons at the left of the
barrier (on the region SLL of the configuration space) is:
PLL =
∫
SLL
|Φ|2dx1dx2. (7)
Finally, the probability of two electrons at the right of the barrier (on the region SRR) is:
PRR =
∫
SRR
|Φ|2dx1dx2. (8)
We define PLR, PLL and PRR as two-particle probabilities. In figure 2(a) we plot the
probability presence of the initial two-particle state in the 2D configuration space. According
to equation (5), the wave packet φa(x1, t0)φb(x2, t0) has its support on SLR, while the wave
packet φa(x2, t0)φb(x1, t0) on SRL. There is no initial probability presence in the other
regions. The first relevant issue seen on the regions SLL and SRR of figure 2(b) is that
PLL 6= 0 and PRR 6= 0. We explain the reason of these non-zero probabilities in next
section. In general, let us mention that there is no reason to expect that the probability
of detecting two electrons at the left of the barrier is equal to the probability of detecting
them at the right, PRR 6= PLL as seen in figure 2(b).
To certify the unavoidable fundamental (not spurious) origin of the non-zero probabilities
for PLL and PRR, hereafter, we consider exactly the same idealized conditions used in Refs.
[4, 5, 7, 35] when they discuss the two-particle probabilities. We take the two wave packets
φa(x, t0) and φb(x, t0) as identical as possible. In particular, we impose the following three
conditions:
• Condition (i): A separable potential V (x1, x2) in equation (4) without Coulomb
interaction:
V (x1, x2) = VB(x1) + VB(x2), (9)
where VB(x) is the symmetrical potential energy of a tunneling barrier, i.e. VB(x) =
VB(−x), with x = 0 at the center of the barrier region. See figure 3(a).
• Condition (ii): All parameters of the initial wave packet a and b are identical, except
for the initial central momentums which accomplishes kb = −ka and central positions
xb = −xa. See figure 3(a).
• Condition (iii): Electrons are injected exactly at the same time.
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Figure 2. a) Modulus square of the wave function Φ(x1, x2, t0) at the initial time t0 in
the configuration space {x1, x2}. With black solid line is represented the scattering barrier.
Along the axes the single particle wave packet φa(x, t0) (red solid line) and φb(x, t0) (green
solid line) are reported for both variables (x1 and x2). The dotted line visualizes how the
anti-symmetrical wave function is constructed. The different region of configuration space
SLL,SLR,SRL and SRR are explicitly indicated. b) Modulus square of the wave function
Φ(x1, x2, t1) at the final time t1 (such that the interaction with the barrier is already
accomplished). Along the axes φa(x, t1) (red solid line) and φb(x, t1) (green solid line) for
both variables {x1, x2} are reported . With dashed dotted blue line the anti-symmetry line
for Fermions is indicated. As asserted in the text the probabilities PRR 6= PLL 6= 0.
Because of these conditions, as discussed in Appendix B, the two initial wave packets
are defined with (almost) identical parameters. In particular, we have ga(k) = gb(−k)
where ga(k) = 〈φa(x, t0)| ψk(x)〉 is the complex value that weights the superposition of the
scattering states to build the wave packet φa(x, t0). See expression (B.4) in Appendix B.
Identical definition for gb(k).
Under these conditions, we can anticipate the evolution of Φ(x1, x2, t) and also the origin
of the non-zero probabilities for arbitrary wave packets. We consider the initial (anti-
symmetrical) wave function of two electrons Φ(x1, x2, 0) defined by equation (5). Since the
time-evolution of Schro¨dinger equation satisfies the superposition principle, we can discuss
the time-evolution of φa(x1, t0)φb(x2, t0) and φa(x2, t0)φb(x1, t0) independently. Then, since
we are dealing with a separable Hamiltonian, the evolution of φa(x, t) and φb(x, t) can be
computed from two simpler single particle Schro¨dinger equations. At a time t = t1, after the
interaction with the barrier, each wave packet splits into two (non-overlapping) components:
φa(x, t1) = φ
r
a(x, t1) + φ
t
a(x, t1), (10)
φb(x, t1) = φ
r
b(x, t1) + φ
t
b(x, t1), (11)
where the upperindices r and t refer to the reflected and transmitted component of each
wave packet (φa and φb), respectively. Then, the two particle wave function in the region of
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Figure 3. a) Schematic representation of the initial wave packets in the physical space
under the conditions (i), (ii) and (iii). With black solid line the double barrier structure
is depicted. With orange dashed line the Left-Right symmetry of the problem is depicted.
With red solid line wave packet φa(x) centered in xa and with momentum ka is depicted.
With green dashed dotted line the wave packet φb(x) centered in xb = −xa and momentum
kb = −ka is reported . b) Modulus square of the wave function Φ(x1, x2, t1) at the final time
t1 at the configuration points {x1, x2}. With dashed dotted blue line the anti-symmetry
line for Fermions is indicated and with orange dashed lines the Left-Right symmetry for
each degree of freedom (x1 and x2) is reported. Along the axes, the modulus square of the
φa (red line) and φb (green line) wave functions are plotted for each degree of freedom (x1
and x2). The upperindices r or t indicate reflected or transmitted components, respectively.
the configuration space SLL at t = t1 is:
Φ(x1, x2, t1)|SLL =
φra(x1, t1)φ
t
b(x2, t1)− φra(x2, t1)φtb(x1, t1)√
2
. (12)
Let us notice that the region SLL was initially empty of probability, as seen in figure 2(a).
The initial wave packet φa(x1, t0) on SLR (which is identical to the one plotted in figure 2(a))
evolves into the part φra(x1, t1) on SLL in figure 3(b). Equivalently, the initial wave packet
φb(x2, t0) in figure 2(a) evolves into the part φ
t
b(x2, t1) on SLL in figure 3(b). Identical
explanations for the presence of φtb(x1, t1) and φ
r
a(x2, t1) on SLL. Clearly, since PLL in
equation (7) is computed from an integral of non-negative real numbers, the requirement for
obtaining the result PLL = 0 in equation (12) is that φra(x1, t1)φtb(x2, t1) = φra(x2, t1)φtb(x1, t1)
at all positions {x1, x2} ∈ SLL +. This last condition can only be obtained when
φtb(x, t1) = φ
r
a(x, t1) and φ
t
a(x, t1) = φ
r
b(x, t1). On the contrary, if the transmitted and
reflected wave packet components differ, i.e. if the time-evolution giving the transmitted
+ By construction, only in the configuration space points {x1, x2} ∈ SLL such that x1 = x2, the wave
function is always strictly zero (see anti-symmetry line in the figure 3 b).
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component φta(x, t1) is different from φ
r
b(x, t1), then we get Φ(x1, x2, t1) 6= 0, which implies
PLL 6= 0. Analogous consideration can be done for the configuration space region SRR.
After discussing the origin of the non-zero probabilities, we present a technical question
that we will test numerically later. The conditions (i), (ii) and (iii) impose an additional
symmetry on the problem. Apart from the intrinsic anti-symmetry of the wave function
implicit in equation (5), there is an additional Left-Right symmetry. This means that, being
x = 0 the center of the barrier region as depicted in figure 3(a), the wave function under
the separable Hamiltonians of expression (9) has to satisfy Φ(x1, x2, t) = −Φ(−x1,−x2, t) at
all times. This additional symmetry implies that the probability of detecting two electrons
on the left is exactly equal to detect them on the right, i.e. PLL = PRR as depicted in
figure 3(b). However, let us notice that, in general, when conditions (i), (ii) and (iii) are
not satisfied, we have PLL 6= PRR as depicted in the preceding figure 2(b).
The exact values of PLR, PLL and PRR depend on the effective overlapping between φta(x, t1)
and φrb(x, t1). In Appendix B we develop analytical calculations of the range of values that
the probabilities (6)-(8) can take when conditions (i), (ii) and (iii) are assumed. When
reflected and transmitted wave packets are identical as indicated in expression (B.13),
expressions (6)-(8) can be rewritten as:
PMLL = PMRR = RT ∓RT, (13)
PMLR = (R± T )2, (14)
which corresponds to the well-known result PMLL = PSLL = 0, PMRR = PSRR = 0 and
PMLR = PSLR = 1 mentioned in equations (1), (2) and (3) for fermions. Additionally, we
have PMLL = PMRR = 2RT and PMLR = (R − T )2 for Bosons. Let us notice that the sum
of the three probabilities is equal to one (for Fermions or Bosons) because we deal with a
unitary evolution. We use the upperindex M denoting that the overlapping between the
transmitted and reflected components is maximum. In summary, we have tested that our
general definitions of the two-particle probabilities in equations (6)-(8) exactly reproduce,
as a particular example, the results found in the literature for scattering states in Refs.
[4, 5, 7, 15, 36].
For other scenarios, for example a double barriers with wave packets with resonant energies,
we show in Appendix B that the transmitted and reflected components become orthogonal.
Then, the probabilities (6) - (8) in this type of experiments at resonances can be written as:
PmLL = PmRR = RT, (15)
PmLR = R2 + T 2. (16)
where the upperindex m here indicates that the overlapping between transmitted and
reflected components is zero (minimum). Again, the sum of the probabilities is one because
of the unitary evolution. These last probabilities PmLL,PmRR and PmLR show no difference
between Fermions or Bosons. In fact, these results are identical to the probability of
distinguishable particles. In conclusion, even with both electrons at the same position at the
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same time, the Pauli principle has no effect in these HOM scenarios because the wave nature
of electrons is described by different (orthogonal) wave functions. We emphasize that, in
general, the two-particle probabilities in equations (6)-(8) can take any value between the
limits imposed by expressions (13)-(14) and (15)-(16). We emphasize that all the previous
results are valid for any shape of quasi-particle wave packets.
3. N-particle probabilities
We generalize the previous two-particle scattering probabilities towards many-particle
scattering probabilities. We consider a scenario similar to the situation depicted in figure 1
with one electron at each side of the barrier, at the same distance. Now, we add N − 2
electrons distributed arbitrarily at both sides. The anti-symmetric normalized wave function
of the N -electrons is the following:
ΦN =
φN√
(
∫∞
−∞
dx1...
∫∞
−∞
dxN |φN |2)
, (17)
where φN is equal to
φN =
1√
N !
∑
p∈SN
(
N∏
l=1
ψl(xp(l), t)
)
f(p), (18)
with SN is the group of the N ! permutations p on the set ofN electron positions x1, x2, ..., xN
and f(p) = ±1 is equal to the sign of the permutations. For simplicity, we avoid again the
discussion about spin. The shape of each individual wave packet ψl(x, t) in equation (18)
is arbitrary satisfying the same conditions mentioned in section 2. In particular, they are
normalized to unity
∫∞
−∞
ψl(x, t)dx = 1 and initially localized at one side of the barrier. The
denominator in equation (17) appears to properly normalize the N-electron wave function
if some of the single-particle wave-packets overlap.
We are interested in computing the probability of finding the N electrons at one side of the
barrier, for example, the right one. Such probability can be computed as:
PRN =
∫ ∞
0
dx1...
∫ ∞
0
dxN |ΦN |2, (19)
with PRN ≡ PRRR.....R meaning the probability of finding the N electrons at the right
of the barrier. Other probabilities mixing left and right detection can also be identically
defined. We will only focus on the type of probability of (19) which is the relevant one
when discussing the unexpected non-zero probabilities. For practical purposes, it can be
straightforwardly demonstrated that the probability PRN can be computed as:
PRN =
∑
p∈SN
f(p)
N∏
l=1
pR(l, p(l)). (20)
Detection at the same place of two electrons. 13
The complex value pR(l, j) is a correlation function between single-particle wave packets,
defined as:
pR(l, j) =
1
PN 1N
∫ ∞
0
ψ∗l (x, t)ψj(x, t)dx, (21)
where PN is defined as the denominator of equation (17). This correlation function is
negligible if the initial wave packets do not overlap. It is straightforward to notice that
pR(l, j) = pR(j, l)
∗. It is interesting to realize that the probability in equation (19) is just
the determinant of the following matrix, PRN = det(MRN )


D1 pR(1, 2) ... pR(1, N)
pR(2, 1) D2 ... pR(2, N)
... ... ... ...
pR(N, 1) pR(N, 2) ... DN

 . (22)
The terms Di corresponds to the reflection probability of the i-wave packet Ri if it was at
the right side at the initial time or to the transmission probability of the i-wave packet Ti if
it was at the left. The consideration of the probabilities for Bosons will imply dealing with
the permanent of MRN .
We can extract, two limiting cases for the probability PRN = det(MRN ). When we have two
individual wave packets j and k identical among the set of N electrons, pR(l, j) = pR(l, k)
for any l, we get:
PMRN = 0. (23)
because the determinant of a matrix with two columns (rows) identical is zero. From what
we learnt in section 2, these zero probabilities appear, for example, when one reflected and
one transmitted wave packets are very close to mono energetic states with a unique energy.
This results in equation (23) is a generalization of expression (13) for two electrons. On the
contrary, it is quite simple to realize that in the case where there is no overlapping between
any two different individual wave packets, pR(l, j) = 0 for l 6= j, we get:
PmRN = D1 ·D2 · ..... ·DN , (24)
because the determinant of a diagonal matrix is just the product of its diagonal elements.
This result is just a many-particle generalization of expression (15) for electrons. From
what we learn in section 2, this result (24) appears, even when wave packets share identical
spatial regions, if they are orthogonal. In conclusion, the two limiting cases discussed in
section 2 are identically found for many-particle scenarios.
Fortunately, some useful properties for PRN = det(MRN ) can be deduced without fixing any
individual property of the wave packets. In the Appendix C, we show that for any set of N
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(quasi-particle) wave packets, when we consider a subset of K < N electrons among them,
the probabilities of the two sets must satisfy the condition:
PRN 6 DN ·DN−1 · ... ·DK+1 · PRK (25)
The term PRK is the probability of finding the set of electrons {1, 2, ..., K} at the right
of the barrier when the exchange interaction among them is considered. On the other
hand, DN ·DN−1 · ... ·DK+1 in equation (25) is just the probability of finding the set of
electrons {N,N − 1, ...K + 1} at the right of the barrier when exchange interaction among
them is not relevant. From this result, one can expect that the non-zero probabilities of
simultaneous electrons at the right will tend to zero value when more and more electrons with
similar central positions and momentums are considered in a limited region of the (position-
momentum) phase-space. On the contrary, if such additional electrons are associated to
wave packets with different central position or momentum (or partially orthogonal), their
inclusion is not so irrelevant. The phase-space density of electrons plays a crucial role in
determining which expression (24) or (23) is relevant in each scenario. The discussion of
the probability PRN = det(MRN ) as a function of the phase-space density will be discussed
numerically in section 4.2.
4. Numerical results
Next, we confirm numerically the predicted non-zero probabilities in different and general
scenarios. Our procedure for the numerical computation of the probabilities PLR, PLL and
PRR is the following. First, we time-evolve an (anti-symmetrical) initial state, defined by
expression (5), with the Schro¨dinger equation in the configuration space. Second, at the
final time t1, we compute the different probabilities (6)-(8) from the modulus square of the
wave function through Born’s rule, without any approximation. We will follow an equivalent
procedure to compute many-particle probabilities.
4.1. Two-particle scenario with a separable and symmetrical double barrier potential
We consider the double barrier drawn in figure 3(a) and also in the inset of figure 4. The
potential profile is built by two barriers of 0.4 eV of height and 0.8 nm of width between
a quantum well of 5.6 nm. This potential profile has Left-Right symmetry. The x = 0 is
situated at the center of the quantum well. The (effective) mass of the electrons (m) is 0.067
times the free electron mass. The first resonant energy of such structure is ER = 0.069 eV .
At the initial time t0, the initial state is defined for numerical convenience by two Gaussian
wave packets (other choices are possible [32]), φa(x, t0) and φb(x, t0) [33] whose spatial
support is located at the left and right of the barrier, respectively. Let us notice that such
Gaussian wave packets have point-localized or fully-extended mono-energetic states as two
limiting cases. Both wave packets have the same central energy Ea = Eb, but opposite
Detection at the same place of two electrons. 15
central wave vectors kb = −ka and central positions xa = −xb. In figure 4 the time
evolutions of expressions (6)-(8) are depicted. First, we see that for a wave packet whose
energy is far from the resonant energy ER, we obtain PSLR ≡ PMLR = 1, PSLL ≡ PMLL = 0 and
PSRR ≡ PMRR = 0, at t1 = 0.7 ps, as predicted by expressions (1)-(3) and also by (13)-(14).
However, for the resonant energy Ea = Eb = ER we get the results PLR ≡ PmLR = 1− 2RT ,
PLL ≡ PmLL = RT and PRR ≡ PmRR = RT that correspond to the values of indistinguishable
particles predicted by expressions (15)-(16). To test these last expressions numerically, we
notice that this potential profile and wave packets give T = 0.806 and R = 0.194, where
R and T are the single particle reflection and transmission coefficients. As explained (see
Appendix B), the latter set of probabilities correspond to a scenario in which the transmitted
and reflected components are orthogonal. In other words, the transmitted wave packet is
basically built by a superposition of resonant scattering states, while the reflected one by
mainly non-resonant scattering states.
Figure 4. Time evolution of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t) built by two initial wave packets located at xa = −175 nm and xb = 175
nm with opposite momentums and equal spatial dispersions σa = σb = 35 nm. The
energies are Ea = Eb = 0.12 eV (red dashed line), Ea = Eb = 0.075 eV (green dot line),
Ea = Eb = ER = 0.069 eV (blue solid line), Ea = Eb = 0.06 eV (dash dot violet line) and
Ea = Eb = 0.05 eV (dash dot dot purple). The inset shows the potential profile.
As mentioned in the introduction, dealing with the time-dependent Schro¨dinger equation
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implies that the results depend also on the initial wave packet shape. In figure 5, we
study the dependence of the two-particle probabilities of figure 4 on the size of the initial
wave packet. We define the size of the initial wave packet as the double of the full width
at half maximum (FWHM) of the probability presence of the Gaussian wave packet at
t = t0. Such size can be related with the spatial dispersion σx of the initial wave packet
from 2 × FWHM = 4√ln(2)σx. In the limit of σx → ∞, a wave packet approaches to a
scattering state.
The maximum wave packet dimensions considered in figure 5 are much larger than typical
reservoir sizes in quantum transport with semiconductors [37] and we still clearly see
PLL = PRR 6= 0. In addition, if we consider barriers much higher than 0.4 eV, the resonance
becomes much sharper and wave packets with σx ≈ 1 µm still show PLL = PRR 6= 0.
Figure 5. The probabilities of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t1) at time t1 = 0.7 ps with the same initial wave packets and energies of figure 4
but with variable spatial dispersion σx = σa = σb. The inset shows the potential profile.
4.2. Many-particle scenario with a separable and symmetrical double barrier potential
We discuss if the consideration of more than two electrons could invalidate the behavior of
these unexpected non-zero probabilities. We study numerically the role of the phase-density
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of electrons in the probabilities PRN discussed in section 3. We define the dimensionless
distance between two wave packets in the phase-space as:
d =
(ki − kj)2
2σ2k
+
(xi − xj)2
2σ2x
, (26)
where i and j are two consecutive electrons and ki/j and xi/j represent the initial central
momentum and initial central position of a wave packet, respectively. A small value of
d ≪ 1 means large position (or momentum) overlapping between wave packets, while a
large value d≫ 1 means no momentum or position overlapping. The phase-space measure
d in equation (26) is analogous to the one used in Refs. [9, 38] in the context of fermionic
molecular dynamics mentioned in the introduction. Within this theory it has also been
studied the consequences of the Pauli principle for scattering of localized (Gaussian) wave
packets [9, 38]. The procedure to build the results shown in figure 6 is to fix one initial wave
packet ψ1(x1, t) located at the right side (in this case D1 = R) and then vary the number of
initial wave packets at the left side, as shown in the inset of figure 6. For N = 2 (black solid
curve), a second wave packet ψ2(x2, t) is initially fixed at the left with D2 = T . For N = 4,
red dashed curve, we add two more electrons (one at the left side and another at the right
of the second electron at the same distance d). Both, with D3 = T and D4 = T . Finally, for
N = 16 brown short dashed dotted curve, we have initially one electron at the right and 15
at the left. After a proper time evolution of the N -particle wave function, the probability in
equation (19) is computed. We plot in figure 6 the results PRN /(TN−2) as a function of the
distance d for different number N of electrons. We divided the PRN probability by TN−2
in order to be able to compare probabilities with different number of electrons. Technical
details of the computation are explained in Appendix C.
We see in figure 6 that the probability of each curve decreases, reaching the zero value
as a limit when small values of d are considered (high phase-space density). For small
d values, the overlapping among different wave packets is increased. If the transmitted
electron avoids somehow the (position or momentum) overlapping with the first reflected
electron, it unavoidably overlaps with some others. This limit of zero probability is
achieved for moderate values d when more and more electrons are considered. As a
consequence, in agreement with the fluctuation-dissipation theorem [39, 40], at high density
(low temperature) no noise is present in the many-particle tunneling process. This is the
well-known result found in the literature for scattering states [4, 5, 7, 15, 36]. However, for
large distances d, the same value of the probability of two particles studied in section 4.1 is
obtained independently of the number N of electrons that we are considering. Although we
have studied numerically a very particular shape and phase-space configuration of the wave
packets, it is obvious that there are experimental windows (high temperatures to achieve
low phase-space densities of wave packets) where the non-zero probabilities discussed here
are also clearly accessible in typical (many-particle) electronic devices.
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Figure 6. Probability of finding all electrons at the right side of the potential barriers
PRN /(TN−2) depending on the phase-space density quantified by the dimensionless
distance d for different number of electrons (in the inset we see the initial configuration). At
high phase-space density (small distances d), the probability is almost zero. It is relevant
to remark that this limit is obtained for larger values of d when the number of electrons
is higher. At low phase-space density, when the distance among different wave packets is
large, the probability of finding all electrons at the right of the barrier is still non-zero
independently of the number of electrons, achieving the result of two-particle scattering
obtained in section 4.1 as a limit.
4.3. Two-particle scenario with a separable and non-symmetrical double barrier potential
Here we analyze which is the role of symmetry of the potential in the computation of non-
zero probabilities. In typical mesoscopic systems, the potential profile is not Left-Right
symmetrical. For example, when an external battery is included. It implies an asymmetric
potential profile, as indicated in the inset of figure 7. Then, the conditions (i), (ii) and
(iii) are not applicable and the two-particle probabilities (6)-(8) present an even richer
phenomenology.
We consider the same scenario studied in figure 4 with an applied bias of 0.05 V (see
the inset of figure 7). The kinetic energy of the a-wave packet is Ea = ER = 0.043 eV
equal to the new resonant energy. The kinetic energy of the b-wave packet is, Eb = ER =
(0.043 + 0.05) eV . Different initial positions are selected to ensure that the wave packets
coincide in the barrier region, at the time xa/v
c
a = xb/v
c
b, with the initial central velocity
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vca = ~k
c
a/m = 4.75 10
5 m/s and vcb = −4.88 105 m/s. In any case, at time t1 = 0.8 ps,
we see a rich phenomenology for the two-particle probabilities with PLL 6= PRR 6= 0. As
mentioned, the additional Left-Right symmetry is not present.
Figure 7. Time evolution of PLR, PLL and PRR (solid blue lines) for Φ(x1, x2, t) built
from two initial wave packets located at xa = −175 nm and xb = 257 nm with equal spatial
dispersions σa = σb = 35 nm. The inset shows the potential profile.
4.4. Two-particle scenario with non-separable double barrier potential
At this point, we analyze if the assumption of quasi-particle is a fundamental issue in the
non-zero probabilities. We go beyond the Fermi liquid theory and compute the Coulomb
interaction among two electrons in the type of HOM configuration considered here. In this
subsection, we consider wave functions Φ(x1, x2, t) solutions of equation (4) with the same
initial expression (5) but with a non-separable potential:
V (x1, x2) = VB(x1) + VB(x2) + C · VC(x1, x2), (27)
being VC(x1, x2) the Coulomb interaction between electrons. The constant C takes
into account the strength of the interacting Hamiltonian (i.e. C = 0 means separable
Hamiltonian). We use the explicit expression:
VC(x1, x2) =
q2
4πǫrǫ0
1√
(x1 − x2)2 + a2C
f(x1, x2), (28)
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with ǫr = 11.6 and ǫ0 is the free space dielectric constant. To avoid numerical irrelevant
complications, the parameter aC = 1.2 nm avoids the divergence character of the Coulomb
potential when x1 = x2. The function f(x1, x2) = exp(−(x21 + x22)/σC), with σC = 5 nm,
allows us to define the Coulomb interaction only in the active region of the device. These
conditions mimic the solution of the 3D Poisson equation in a resonant tunneling diode
with screening [14]. In figure 8, we plot the potential V (x1, x2) defined in equation (27)
with C = 5, and with the same potential barriers VB(x) discussed in section 4.1. The
diagonal line x1 = x2 shows the region of maximum Coulomb potential. The Coulomb
potential in figure 8 is still symmetrical and the Left-Right symmetry is preserved.
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Figure 8. Potential V (x1, x2) in the configuration space {x1, x2} with Coulomb interaction
in a double barrier when C=5.
In figures 9 and 10 the two-particle probabilities for an energy Ea = Eb = ER = 0.069 eV
and Ea = Eb = 0.06 eV respectively, are plotted for different values of the constant C
defined in equation (27). We consider exactly the same double barrier defined in section 4.1
with the same wave packets with σx = 35 nm and xa = −175 nm and xb = 175 nm. We
conclude that the consideration of more realistic scenarios with Coulomb interaction (not
directly included in the analytical computations of Appendix A and Appendix B) does not
tend to recover the results PMLL = PSLL = 0, PMRR = PSRR = 0 and PMLR = PSLR = 1 mentioned
in equations (1)-(3), but just the contrary. Again, PLR 6= 1 and PLL = PRR 6= 0.
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Figure 9. Time evolution of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t) built by two initial wave packets located at xa = −175 nm and xb = 175 nm
with opposite momentums, equal spatial dispersions σa = σb = 35 nm and equal energy
Ea = Eb = 0.069 eV . The values of the constant C in (27) are C = 0 (green dashed line
with triangles), C = 5 (red dashed dot line with circles), and C = 20 (blue solid line with
stars).
4.5. Two-particle scenario with single barrier potential
One could argue that the anomalous probabilities PLL and PRR will not be accessible
in a single barrier scenario because of the poorer energy dependence of the transmission
and reflection coefficients. In this subsection we substitute the double barrier potential
by a single barrier. This single barrier scenario is much closer to the HOM experiment
mentioned in the introduction [17, 18]. In figure 11 the two-particle probabilities in the
case of a single barrier of width 12.4 nm and height 0.04 eV are plotted for three different
energies as a function of the initial wave packet size. Again, only for initial wave packets with
a very large spatial support (close to a Hamiltonian eigenstate) the results PMLL = PSLL = 0,
PMRR = PSRR = 0 and PMLR = PSLR = 1 are recovered. In particular, we plot in figure 11 the
energy Ea = Eb = ET=1/2 = 0.045 eV for the incident wave packets, where ET=1/2 means
that half of the wave packet is transmitted and half is reflected, in other words that the
barrier works effectively as an electron beam splitter.
Detection at the same place of two electrons. 22
Figure 10. Time evolution of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t) built by two initial wave packets located at xa = −175 nm and xb = 175 nm
with opposite momentums, equal spatial dispersions σa = σb = 35 nm and equal energy
Ea = Eb = 0.06 eV . The values of the constant C in (27) are C = 0 (green dashed line
with triangles), C = 5 (red dashed dot line with circles), and C = 20 (blue solid line with
stars).
As shown for the double-barrier structure, also in the case of a single barrier, the probabilities
PLL = PRR are different from zero depending on the wave packet size. The divergence
from the results mentioned in equations (1)-(3) is even more dramatic when considering
Coulomb interaction among electrons. In figure 12 we report the probabilities PLR, PLL
and PRR as a function of time for different values of the interaction constant C of equation
(28). We use the same values reported in section 4.4. The larger value of C provides the
larger discrepancies with the expected values from mono energetic states PMLL = PSLL = 0,
PMRR = PSRR = 0 and PMLR = PSLR = 1.
5. Conclusions
In this work, we consider two electrons injected simultaneously from both sides of a tunneling
barrier when exchange interaction is explicitly considered. This is a typical scenario for
quantum transport in electron devices and it can be also considered as a type of interference
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Figure 11. The probabilities of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t1) at time t1 = 0.8 ps with initial wave packets located at xa = −175 nm and
xb = 175 nm with opposite momentums and with variable spatial dispersion σx = σa = σb.
The energies are Ea = Eb = 0.035 eV (red dashed line), Ea = Eb = ET=1/2 = 0.045 eV
(blue solid line) and Ea = Eb = 0.055 eV (dash dot dot purple line). The inset shows the
potential profile of a single barrier.
HOM experiment. We take into account explicitly quasi-particle wave packets to describe
electrons. Electrons are initially associated with one-particle wave packets whose supports
are located either at the left or at right of the barrier. In the literature, such scattering
experiments have been analyzed using time-independent scattering states as quasi-particles.
Such states imply a probability of detecting two electrons at the same side of the barrier
equal to zero [4, 5, 7, 35]. On the contrary, in this work, by using any type of normalizable
quasi-particle wave packet as initial state, we demonstrate (analytically and numerically in
many different scenarios) non-zero values for such probabilities.
The physical origin of this non-zero probability is due to the different time-evolution
suffered by the reflected and transmitted components of the wave packet. This difference
between components appears in quite common scenarios (with single or double barrier
potentials, with or without Coulomb interaction). For some particular resonant energies, the
transmitted and reflected components are so different that they indeed become orthogonal.
Then, the two-particle probabilities of these electrons with exchange interaction reproduce
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Figure 12. The probabilities of PLR (upper lines) and PLL = PRR (lower lines) from
Φ(x1, x2, t) built by two initial wave packets located at xa = −175 nm and xb = 175 nm
with opposite momentums, equal spatial dispersions σa = σb = 35 nm and equal energy
Ea = Eb = ET=1/2 = 0.045 eV . The values of the constant C in equation (27) are C = 0
(green dashed line with triangles), C = 2.5 (red dashed dot line with circles), and C = 5
(blue solid line with stars).
the probabilities predicted for distinguishable electrons. On the contrary, for initial wave
packets with a large spatial support (approaching to a Hamiltonian eigenstate), the usual
two-particle probabilities for indistinguishable particles reported in the literature [4, 5, 7, 35]
are exactly reproduced.
The non-zero probabilities predicted in this work suggest a fundamental (not spurious) ori-
gin of the unexpected probabilities found in the experiments of Refs. [17, 18]. We underline
that the same variability of the values of the two-particle probabilities obtained in this work
can be reached from any other quantum approach, such as the scattering formalism, when
it properly includes the initial state as a time-dependent wave packet. Let us notice that
the difficulties calculating observables using only basis states as initial states has been also
indicated in other fields, such as Rutherford scattering, “because they can present mislead-
ing results when comparing to experiments.”[16]
Finally, we emphasize that the non-zero probabilities discussed in this work analytically (and
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tested numerically) have far-reaching consequences. We notice that, in some scenarios, the
celebrated Landauer-Bu¨ttiker model [4, 5, 15, 36] for quantum noise needs to be revisited.
This model was developed within the (Landau) Fermi liquid theory [1, 2, 3] under the
assumption of quasi-particle mono-energetic initial states. This last assumption leads to
expressions (1)-(3) with zero-probabilities of detecting electrons at the same side. We
have explicitly shown that the consideration of quasi-particle wave packets shows non-zero
probabilities in quite common scenarios. Obviously, when there are more possible scenarios
for detecting the two electrons than those allowed by the Landauer-Bu¨ttiker model (the 4
possibilities showed in figure 1a-d including both electrons at the same place), the quantum
noise is larger than what the Landauer-Bu¨ttiker expression predicts. In particular, we
explicitly show that the unexpected non-zero probability of several particles at the same
side of the barrier is experimentally accessible for a many-particle system in the limit of low
phase-space density (high temperature). For high phase-space density (low temperature)
the mentioned probabilities tend to zero and the fluctuation-dissipation theorem [39, 40]
is satisfied. In addition, we show that the inclusion of the Coulomb interaction between
electrons (going beyond the Fermi liquid theory) does also exhibit this unexpected non-zero
probabilities. An approximate algorithm to deal with the rich phenomenology of time-
dependent many-particle probabilities in practical computations with exchange, tunneling
and Coulomb interaction is mentioned in Refs. [14, 41, 42, 43].
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Appendix A. Analytical two-particle probabilities from the scattering
formalism with mono-energetic initial states
In this appendix we reproduce the results of the two-particle scattering probabilities for
indistinguishable particles developed in Refs. [4, 5, 7, 35] and summarized in equations
(1)-(3). In the scattering formalism, input states are described by annihilation operators aˆL
and aˆR or creation operators aˆ
†
L and aˆ
†
R, being L and R the left and right lead. Analogously,
the output states are described by bˆi and bˆ
†
i with i = L,R. The connection between the aˆi
and the bˆi is provided by the scattering matrix [4, 8] through the relation(
bL
bR
)
=
(
r t′
t r′
)(
aL
aR
)
, (A.1)
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where the probability amplitude coefficients are such that |r|2 = |r′|2 = R and |t|2 = |t′|2 = T
where R and T are respectively the reflection and transmission probabilities that satisfy the
condition T + R = 1. Analogously the creation operators aˆ†i and the bˆ
†
i are related by
the adjoint scattering matrix s†. The scattering matrix satisfies the relation s†s = I. For
fermions the aˆi operators obey the anti-commutation relations
{aˆi, aˆ†j} = δij , (A.2)
and the bˆi operators follows
{bˆi, bˆ†j} = δij , (A.3)
with i, j = L,R. Equations (A.2) and (A.3) reflect the underling anti-symmetry of the wave
function.
We focus on the physical situation depicted in figure 1. An input state is constructed by
one electron incident from the left and the other from the right. Both with a unique and
equal (in modulus) momentum. With the help of the creation and annihilation operators
we can write the input state as |Ψ〉 = aˆ†Laˆ†R|0〉, where |0〉 is the vacuum state of the system.
Using the scattering matrix (equation (A.1)) and the anti-commutation relation (equations
(A.2) and (A.3)) it is possible to obtain the probability of finding one particle on the left
and the other on the right, PSLR, as:
PSLR = |〈0|bˆLbˆRaˆ†Laˆ†R|0〉|2 =
= |〈0| (raˆL + t′aˆR) (taˆL + r′aˆR) aˆ†Laˆ†R|0〉|2 =
= |〈0|rtaˆLaˆLaˆ†Laˆ†R + rr′aˆLaˆRaˆ†Laˆ†R + t′taˆRaˆLaˆ†Laˆ†R + t′r′aˆRaˆRaˆ†Laˆ†R|0〉|2 =
= |〈0| (rr′ − t′t) aˆLaˆRaˆ†Laˆ†R|0〉|2 =
= | (t′t− rr′) |2 = (t′t− rr′) (t′∗t∗ − r∗r′∗) =
= T 2 +R2 − t′tr∗r′∗ − rr′t′∗t∗ = (T +R)2, (A.4)
where in the last equality of expression (A.4) we have used the property of the scattering
matrix s†s = ss† = I. Analogously, we can calculate two particles on the left, PSLL , as:
PSLL = |〈0|bˆLbˆLaˆ†Laˆ†R|0〉|2
= |〈0| (raˆL + t′aˆR) (raˆL + t′aˆR) aˆ†Laˆ†R|0〉|2 =
= |〈0|rraˆLaˆLaˆ†Laˆ†R + rt′aˆLaˆRaˆ†Laˆ†R + t′raˆRaˆLaˆ†Laˆ†R + t′t′aˆRaˆRaˆ†Laˆ†R|0〉|2 =
= |〈0| (rt′ − t′r) aˆLaˆRaˆ†Laˆ†R|0〉|2 = 0. (A.5)
Finally, we can calculate the probability of detecting two particles on the right, PSRR, as:
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PSRR = |〈0|bˆRbˆRaˆ†Laˆ†R|0〉|2
= |〈0| (taˆL + r′aˆR) (taˆL + r′aˆR) aˆ†Laˆ†R|0〉|2 =
= |〈0|ttaˆLaˆLaˆ†Laˆ†R + tr′aˆLaˆRaˆ†Laˆ†R + r′taˆRaˆLaˆ†Laˆ†R + r′r′aˆRaˆRaˆ†Laˆ†R|0〉|2 =
= |〈0| (tr′ − r′t) aˆLaˆRaˆ†Laˆ†R|0〉|2 = 0. (A.6)
Let us notice that these probabilities are developed under the assumption (implicit in
the scattering formalism) that each initial state aˆ†L|0〉 or aˆ†R|0〉 is a mono-energetic state.
In contrast, different initial states are considered in this paper. Within the scattering
formalism, a superposition of aˆ†Laˆ
†
R|0〉 with different momentums will be required to
reproduce the variability of the two-particle probabilities studied in this paper.
Appendix B. Analytical two-particle probabilities for arbitrary wave packets
A general expression for the probabilities PLR, PLL and PRR in equations (6)-(8) for an
arbitrary normalizable wave packet is developed in this appendix. We explicitly assume
the conditions (i), (ii) and (iii) mentioned in section 2. The solution of the time dependent
Schro¨dinger equation with separable potentials can be found from two decoupled single-
particle Schro¨dinger equations. After impinging with the barrier, at the time t1 mentioned
in the text, each initial one-particle wave function splits into (non-overlapping) transmitted
(t) and reflected (r) components defined in expressions (10) and (11).
From the set of four available reflected and transmitted components, we define the set of
sixteen complex integrals:
Ic,de,f =
∫ h
g
dx φce(x, t1) φ
∗d
f (x, t1), (B.1)
where the upperindexes c and d are related to transmitted (t) and reflected (r) components,
while the subindexes e and f to the initial position of the one-particle wave packets (a
left and b right). The limits of the spatial integration, not explicitly indicated in Ic,de,f ,
are g = −∞, h = 0 when both components are present at the left of the barrier, while
g = 0, h = ∞ at the right. With the definitions of (B.1), the transmission and reflection
coefficients of the a-wave packet are rewritten as Ta = I
t,t
a,a and Ra = I
r,r
a,a, respectively.
Identically, we define Tb = I
t,t
b,b and Rb = I
r,r
b,b . By construction, I
c,d
e,f = (I
d,c
f,e)
∗.
Using the definitions in equations (10)-(11) and (B.1), we get the property:
Ir,ta,b + I
t,r
a,b =
∫ ∞
−∞
dx φa φ
∗
b =
∫ ∞
−∞
dk ga(k) g
∗
b (k), (B.2)
where we have defined
ga(k) = 〈φa(x, t0)| ψk(x)〉 =
∫ ∞
−∞
φa(x, t0)ψ
∗
k(x)dx, (B.3)
Detection at the same place of two electrons. 28
being ψk(x) the scattering state (with k its wave vector). Accordingly, the wave packet
φa(x, t) can be written by superposition as:
φa(x, t) =
1√
2π
∫ ∞
−∞
ga(k)e
−
iEkt
~ ψk(x)dk. (B.4)
Identical definition for gb(k). Let us notice that the scenario depicted in figure 1 implies that
there is no overlapping between ga(k) and gb(k) because they have opposite momentums at
the initial time. This no overlapping condition is true initially and it also remains valid at
any later time because ψk(x) are Hamiltonian eigenstates. Then, we get I
r,t
a,b + I
t,r
a,b = 0.
Using Ic,de,f = (I
d,c
f,e)
∗, the probability of detecting two particles at the left of the barrier in
equation (7), at t = t1, can be straightforwardly developed as:
PLL =
∫ 0
−∞
dx1
∫ 0
−∞
dx2 |Φ|2 = RaTb ∓ |Ir,ta,b|2. (B.5)
Identically, the probability of detecting two particles at the right of the barrier is:
PRR = TaRb ∓ |Ir,ta,b|2. (B.6)
Finally, using also the previous identity Ir,ta,b = −I t,ra,b, the probability of one particle at each
side is:
PLR = RaRb + TaTb
2
± |Ir,ta,b|2 +
RaRb + TaTb
2
± |Ir,ta,b|2 =
= RaRb + TaTb ± 2|Ir,ta,b|2. (B.7)
Notice that the term ±|Ir,ta,b| accounts for the difference between Fermions and Bosons. For
these general conditions, one can check that PLL + PRR + PLR = RaRb + TaTb + 2TaRb.
Since 1 = Ra+Ta and 1 = Rb+Tb, we finally get PLL+PRR+PLR = 1, for either Fermions
or Bosons.
Under the conditions (i), (ii) and (iii) mentioned in section 2, the expression of Ir,ta,b can be
further developed. We define a new wave packet Υa(x, t1) as follows: Υa(x, t1) = φ
r
a(x, t1)
for all x ∈ (−∞, 0] and Υa(x, t1) = 0 elsewhere. This new wave packet can be written at t1
as:
Υa(x, t1) =
1√
2π
∫ ∞
−∞
ga(k)e
−
iEkt1
~ r(k)e−ikxdk, (B.8)
where r(k) is the reflection (complex) amplitude of the scattering state ψk(x). Notice that
Υa(x, t1) does not contain the incident plane wave exp(ikx) included in ψk(x). The reason is
because, at time t1, the superposition of these incident terms exp(ikx) does not contribute
to the wave function at the left of the barrier. Identically, we define Υb(x, t1) = φ
t
b(x, t1) for
all x ∈ (−∞, 0] and Υb(x, t1) = 0 elsewhere. At t1:
Υb(x, t1) =
1√
2π
∫ ∞
−∞
gb(k)e
−
iE
k
t1
~ t(k)e−ikxdk, (B.9)
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where t(k) is the transmission (complex) amplitude of the scattering state ψk(x). Because of
conditions (i), (ii) and (iii), we can consider g(k) ≡ ga(k) = gb(−k). Then, using expressions
(B.8) and (B.9) we get:
Ir,ta,b =
∫ ∞
−∞
dxΥaΥ
∗
b =
∫ ∞
−∞
dk|g(k)|2r(k)t∗(k), (B.10)
where the spatial integral in equation (B.10) extends from −∞ to ∞ because, by
construction, Υa(x, t1) and Υ
∗
b(x, t1) are zero at x ∈ (0,∞). We have also used the property
of the scattering states t(k) = t(−k). It is interesting to compare equation (B.10) with the
well-known expression for the computation of the (one-particle) transmission coefficient:
T = Tb = Ta = I
t,t
a,a =
∫ ∞
−∞
dk|g(k)|2|t(k)|2, (B.11)
and (one-particle) reflection coefficient:
R = Rb = Ra = I
r,r
a,b =
∫ ∞
−∞
dk|g(k)|2|r(k)|2. (B.12)
Notice that, under the conditions (i), (ii) and (iii), the transmission T = Tb = Ta and
reflection R = Rb = Ra coefficients are equal for the a and b wave packets. We notice that
T and R take real values, while Ir,ta,b take complex ones.
From equation (B.10), it is a straightforward procedure to deduce the maximum allowed
value for |Ir,ta,b|2. The maximum value is |Ir,ta,b|2 = RT . It corresponds to an scenario where
r(k) and t(k) are (almost) constant in the support of g(k). Then, from equation (B.10), we
obtain Ir,ta,b ≈ r(kc)t∗(kc) with kc defined as the central wave vector of the wave packet. It can
be straightforwardly demonstrated that this value implies that the shapes of the a-reflected
φar(x, t) and b-transmitted φ
b
t(x, t) wave packets are identical up to an arbitrary (complex)
constant:
φra(x, t1) = φ
t
b(x, t1)e
α+iβ, (B.13)
being α and β two real position-independent constants. For such scenarios, equations (B.5)-
(B.7) can be rewritten as PMLL, PMRR and PMRR in expressions (13) and (14). We use the
upperindex M in equations (13) and (14) to indicate that the probabilities correspond to
the maximum value of |Ir,ta,b|2. We repeat that equations (13) and (14) exactly reproduce the
results found in the literature for scattering states in Refs. [4, 5, 7, 15, 36].
However, the possibility of a minimum value |Ir,ta,b|2 = 0 in equation (B.10) is in general
ignored in the literature. This corresponds to an scenario where r(k) and t(k) vary very
rapidly between 1 and 0 on the support of g(k). For example, in a sharp resonance. Then,
from equation (B.10), we get Ir,ta,b ≈ 0. This value means that φar(x, t) and φbt(x, t) in equation
(B.1) are orthogonal. In fact, the different schematic symbols of the wave packets in figure
1 want to emphasize this point. When |Ir,ta,b|2 = 0, equations (B.5)-(B.7) can be rewritten as
PmLL,PmRR and PmLR in expressions (15) and (16). We use the upperindex m in expressions
(15) and (16) to indicate that these probabilities correspond to the minimum value of |Ir,ta,b|2.
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The probabilities in (15)-(16) show no difference between indistinguishable (Fermions or
Bosons) or distinguishable particles.
Appendix C. Analytical N-particle probabilities with arbitrary wave packets
In this appendix we compute explicitly the relation (25) between probabilities PRN and
PRK defined in expression (19). As mentioned in the text, the probability in (19) is just the
determinant of the following matrix, PRN = det(MRN )
MRN =


pR(1, 1) pR(1, 2) ... pR(1, N)
pR(2, 1) pR(2, 2) ... pR(2, N)
... ... ... ...
pR(N, 1) pR(N, 2) ... pR(N,N)

 , (C.1)
where the complex value pR(l, j) is a correlation function between single-particle wave
packets defined in equation (21), that we rewrite here as:
pR(l, j) =
1
PN 1N
∫ ∞
0
ψ∗l (x, t)ψj(x, t)dx
=
1
PN 1N
∫ ∞
−∞
d∗(k)a∗l (k)d(k)aj(k)dk, (C.2)
where d(k) is equal to the reflection coefficient for scattering states r(k) if the initial wave
packet was at the right of the barrier or equal to t(k) if it was at the left side.
A general matrix M is defined as positive-semidefinite (or sometimes nonnegative-definite)
matrix if the scalar product with any vector x is always non-negative. i.e. x†Mx > 0.
The necessary and sufficient condition to assure that the MRN -matrix in (C.1) is a positive-
semidefinite matrix is that the principal minors of theMRN -matrix are all non-negative [44].
In fact, the first minor represents the probability of having one electron at the right side of the
barrier, the second represents the probability of having two electrons and so on. Therefore,
by construction these minors are all non-negative and our matrix is a positive-semidefinite
matrix. Hence, their eigenvalues are all real and non-negative, since the determinant of
the MRN -matrix is equal to the product of its eigenvalues. Next step is to rewrite the
MRN -matrix as follows
MRN =
(
MRN−1 αN−1
α†N−1 DN
)
, (C.3)
where α†N−1 = (pR(N, 1), pR(N, 2), ..., pR(N,N − 1)). We have used the property
pR(l, j) = pR(j, l)
∗. Using the previous expression (C.3) we can show the following identity:
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(
IN−1 0
−α†N−1(MRN−1)−1 1
)(
MRN−1 αN−1
α†N−1 DN
)
=
(
MRN−1 αN−1
0 DN − α†N−1(MRN−1)−1αN−1
)
, (C.4)
where IN−1 is just the squared identity matrix of dimension N − 1 and (MRN−1)−1 the
inverse matrix of MRN−1 . Since the determinant of the second matrix in the left-hand side
of expression (C.4) is just the determinant of the MRN -matrix (see equation (C.3)), we
obtain
det(MRN ) = det(MRN−1)(DN − α†N−1(MRN−1)−1αN−1)
= DN det(MRN−1)(1−
α†N−1(MRN−1)
−1αN−1
DN
). (C.5)
Since the matrix MRN is positive-semidefinite, the last term of expression (C.5) must be
non-negative
1− α
†
N−1(MRN−1)
−1αN−1
DN
> 0. (C.6)
In addition, the last term on the left in equation (C.6) must be also positive, because the
inverse of a positive-semidefinite matrix is also a positive-semidefinite matrix [44] and, by
definition, we know that it accomplishes x†Mx > 0 for any vector x (for example, x = αN−1).
Therefore, equation (C.6) can only fluctuate between 0 and 1. In this way, we have proven
that
0 6 det(MRN ) 6 DN det(MRN−1) 6 1. (C.7)
From equation (C.7) it is trivial to derive equation (25) in the text, being able to compare
probabilities with different number of involved electrons.
The equality in (C.7) occurs only when the correlation of the N -th electron with all the
others wave packets is zero, pR(N, j) = 0 for all j 6= N . In this case αN−1 = 0¯ and the
MRN -matrix is
MRN =
(
MRN−1 0¯
0¯ DN
)
, (C.8)
whose determinant is det(MRN ) = DN det(MRN−1). On the contrary, det(MRN ) = 0 when,
for example, the N -th electron and one particular i0-th electron satisfy pR(N, j) = pR(i0, j)
for all j 6= i0 6= N .
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